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1 Introduction 


The nonlinear fractional Schrodinger equation 

ie— = e 2s (-A) s T + (V(z) + P)T - /(T) for all z G R N , ( NLS) 

where N > 2s, s G (0, 1), e > 0, E G M, and V, f are continuous functions, has been 
studied in recent years by many researchers. The standing waves solutions of (NLS), namely, 
T(z,t) = exp(—iEt)u(z), where it is a solution of the fractional elliptic equation 


( e 2s (—A) s u+ V(z)u = f(u) in R N , 
|ii 6 H S (R N ), u > 0 on R n . 


In the local case, that is, when s — 1, the existence and concentration of positive solutions for 
general semilinear elliptic equations (P e ), for the case N > 2, have been extensively studied, 
for example, by [H El IU El E21 EH E51 EH ESI ESI 123], and their references. Rabinowitz in 
[19] proved the existence of positive solutions of (P e ), for e > 0 small, imposing a global 
condition, 


liminf Viz) > inf Viz) = 7 > 0. 

PI-MX) 26 K n 


(Vo) 


In fact, these solutions concentrate at global minimum points of V as e tends to 0, c.f. Wang 
in [23)- del Pino and Felmer in [T2j, assuming a local condition, namely, there is an open 
and bounded set A compactly contained in R N satisfying 


0 < 7 < V 0 = inf V(z) < min Viz), (Vi) 

z GA zedA 

established the existence of positive solutions which concentrate around local minimum of 
V, by introducing a penalization method. 

In the nonlocal case, that is, when s 6 (0,1), even in the subcritical case, there are only 
few references on existence and/or concentration phenomena for fractional nonlinear equation 
(P e ), maybe because techniques developed for local case can not be adapted imediately, c.f. 
m For instance, the truncation argument has to handle carefully in the present situation. 
We would like to cite [201 EZj for the existence of positive solution, imposing a global condition 
on V In in] is studied the existence and concentration phenomena for potential verifying 
local condition (Vi), and in [TUI 21] a concentration phenomenon is treated near of non 
degenerate critical point of V 

Motivated by approach used in |12j . we will establish existence and concentration of 
positive solution for (P e ), by supposing that V satisfies (Vo) — (Vi), with 7 = Vo and 
V G L°°(R n ). Related to /, we will assume the following conditions: 


(/1) 


lim 

t — 


m 

t 


0 


There is q G (2, 2*), where 2* 
(/ 2 ) lim sup < + 00 . 

|£|—>-+oo rr 


x^ 2s , N > 2s, s G (0,1), such that 
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There is 6 > 2 such that 


(/a) 9F(t) < Vt > 0, 

where F(t) — f f(r) dr. 

Jo 

(ff) The function JjJ is increasing for t > 0. 


Using the above notation we are able to state our main result 

Theorem 1.1. Assume (ff) — (/ 4 ) and (Vo) — (Vi), with 7 = U 0 and V G L°°(R N ). Then, 
there is e 0 > 0, such that (P e ) has a positive solution u e for all e G (0, e 0 ). Moreover, if x £ 
denotes a global maximum point of u £ , we have 


limU(ay) = U 0 


The proof of Theorem 11.11 was inspired from jl'2j . in the sense that we will modify the 
nonlinearity in a special way and work with an auxiliary problem. Making some estimate 
we prove that the solutions obtained for the auxiliary problem are solution of the original 
problem when e is sufficiently small. However, we would like to point out that we cannot 
repeat directly the same arguments found in [12]. For example, the arguments used in na 
do not work well to prove the Palais-Smale condition for the energy functional associated 
with auxiliary problem, and also, to show that the solutions of the auxiliary problem are 
solutions of the original problem for e small enough. In the present paper, we overcome 
these difficulties showing a new argument to prove the Palais-Smale condition for the energy 
functional associated with the auxiliary problem, see proof of Lemma 12.21 Moreover, using 
some properties of the Bessel kernel, we prove that the obtained solutions of the auxiliary 
problem are solutions of the original problem for e small enough, see proofs of Corollary 12.11 
and Lemma [2.61 

We recall that, for any s G (0,1), the fractional Sobolev space H S (R N ) is definied by 


H 


srtn>N\ 


= \u G L 


2(m>N\ 


(u(x) - u(y)f 

_ g,\N+2s 


/r 2N \x — y | 


dx dy < 00 >, 


endowed with the norm 


Ml H‘ 


= u 


Ir 2N 


(u(x) -u{y)f 
\x — y\ N+2s 


dx 


1/2 


The fractional Laplacian, (—A ) s u, of a smooth function u : R iV —» R is defined by 


^((-A)-u)(o = iei 2a J r («)(o. 


where J- denotes the Fourier transform, that is, 

rmt) = —At f dx = m, 

(2tt) 2 Jrn 
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for functions (f) in the Schwartz class. Also (—A ) s u can be equivalently represented [141 
Lemma 3.2] as 


(— A) s u(x) 


1 f (u(x + y) + u(x - y) - 2u(x)) 

2 ( ’ >Ln \y\"+* 


dy, Vx G R N , 


where 

C(N, S ) = ([ 0 = (6,&,...,6v). 

Is I 

Also, in light of [13, Propostion 3.4,Propostion 3.6], we have 

|(-A)*/ 2 «|i*(R»)= [ |?| 2 -|«| 2 ^ = ic(iV. S ) f ( “ W ~ “ ( £ )2 dx dy, (1.1) 
Ju N 2 j R 2n \x - y | 

for all u G iL s (M Ar ),and, sometimes, we identify these two quantities by omitting the 
normalization constant \C(N, s). For N > 2s, from [T3I Theorem 6.5] we also know that, 
for any p G [2, 2*], there exists C p > 0 such that 

Mlp(rjv) < CpIMIh-crw), for a11 u e H s (R n ). (1.2) 

Before to conclude this introduction, we would like point out that using the change 
variable v(x) = u(ex), it is possible to prove that (P £ ) is equivalent to the following problem 

(-A) s w + V(ex)u = f(u ) in R N . (P e )' 


Notation: In this paper we use the following notations: 

• The usual norms in and H S (J8L N ) will be denoted by |. | t and || || respectively. 

• C denotes (possible different) any positive constant. 

• Br(z) denotes the open ball with center at z and radius R. 

• a n a and a n —> a mean the weak and strong convergence, respectively, as n —> oo. 


2 The Caffarelli and Silvestre’s method 

Hereafter, we will use a method due to Caffarelli and Silvestre in [ 8 j to get a solution 
to ( P e )'. In that seminal paper, it was developed a local interpretation of the fractional 
Laplacian given in M jV by considering a Dirichlet to Neumann type operator in the domain 
M ^ +1 = {{x,t) G R N+1 : t > 0}. A similar extension, in a bounded domain, see for instance, 
P [7]. For u G H s (R n ), the solution w G X 1,s = X 1 ,s (M]] vr+1 ) of 

/ -div(j/ 1 " 2 s Vit;) = 0 in M ^ +1 

\ w = u on R n x { 0 } ^ ' ' 
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is called s-harmonic extension w = E s (u ) of u and it is proved in [8j that 

lirn y 1_2s ^(x,y) = —p(-A) s u(x), 
y ^o+ dy k s 

where 

k s = 2 1_2s r(l — s)/r(s). 

Here the spaces X S (M+ +1 ) and H S (M. N ) are defined as the completion of Co°(M+ +1 ) and 
C“(1R JV ), under the norms (which actually do coincide, see [6j Lemma A.2]) 

IMU S ■=( / fc s y 1_2s |Vw| 2 d:rdy) 1 , 

V J R ^ +1 7 

\Mh° :=( / !27r£| 2s |F(w(£))| 2 d£) = ( / |(-A) a u| 2 da;) ' . 


Motivated by the above approach problem, we will study the existence of solution for the 
following problem, 


—k s ^; = —V(ex)w + f(w) on IF x {0}, 


-div (|/ 1 2 s Vw) = 0 in 


^ +1 

N 


where 


= limy 1 2 ^(x,y), 
du y^> o+ dy 


( 2 . 2 ) 


because the function w E JW(M+ +1 ) is a solution for this problem, the function u(x) = w(x, 0) 
will be a solution of ( P e 

We are looking for a positive solution in the Hilbert space X 1,s defined as the completion 


of C I ?°(M^ +1 ) under the norm 


Flip* : = 


i» +1 


y s |Vu;| 2 daxh/ 


V{ex)w{x 1 0) 2 d xj 


\ 1/2 


Here, we are omitting the constant k s . 

Associated with ( 12 . 21 ) . we have the energy functional J e : X 1,s —> R. dehned by 


Jeiy) = 


y 1 2 s |Vu | 2 dxdy + - / V(ex)\v(x, 0 )| 2 dx — / F(v(x,0))dx, (2.3) 


which is C' 1 (X 1 ,S ,M) with Gateaux derivative given by 


J' e (.v)<j> 



y 1 2s 'Vv.'V(f)dxdy 
V(ex)v(x, 0)4>(x, 0 ) dx 


f(v(x, Q))4>(x, 0 ) dx 


(2.4) 


for all (j) E X l,s . 
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Using some embeddings mentioned in Brandle, Colorado and Sanchez |6], see also PEI], 
we deduce that the embeddings 

X 1 ’ 5 L p (R N ) for p e [2, 2^] 

are continuous. Moreover, the embeddings 

X 1 ’ 5 L P (A) for p e [2, 2*) 

are compacts, for any bounded mensurable set A C M. N . 

In what follows, we will not work directly with functional J e , because we have some 
difficulties to prove that it verifies the (PS) condition. Hereafter, we will use the same 
approach explored in [12], modifying the nonlinearity of a suitable way. The idea is the 
following: 

First of all, without loss of generality, we assume that 


WO) — Vo — min V(x). 

xeR N 

Moreover, since we intend to find positive solutions, we will suppose that 


/(*) = 0, V£ < 0. 

Moreover, let us fix k > and a > 0 verifying 


/(a) Vo 

a k ’ 

where Vq > 0 was given in (Vo). Using these numbers, we set the functions 


m 


f(t), t < a, 
^jrt, t > a 


and 

g(xi t) = Xa + (1 - Xa V(x, t) G R n x R, 


where A was given in (Vi) and xa denotes the characteristic function associated with A, that 


is, 


f 1 , x e A 

\ 0, x £ A c . 


Using the above functions, we will study the existence of positive solution for the following 
auxiliary problem 


(AP) 

where 


(—A ) s u+ V(ex)u = g e (x,u), x G R N , 
u E H 1 ' 8 ^ 1 *), 


g e (x,t ) = g(ex,t ), V(x, t) e R N x R. 
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We recall by using |8], the above problem can be studied as a Neumann problem 

f —div(y 1 ~ 2s Vw) = 0 in R^ +1 

\ -k s ^ = —V(ex)w-\-g e (x,w) on x {0}. 

For simplicity we will drop the constant k s from the above equation. 

Here, we would like point out that if v £ E X x,s is a solution of ( AP) with 

v £ (x, 0) < a, Vx E A£, 

where A e = A/e, then u £ (x) = v e (x, 0 ) is a solution of (P £ )'. 

Associated with (AP), we have the energy functional E e : X 1,s -E R given by 

E £ (v) — - / y 1 2s | Vu | 2 dxdy + - / V(ex)\v(x, 0)| 2 dx — I G £ (x, v(x, 0)) dx 
2 Jr* +1 2 J r n J r n 

where 

G e (x,t) = / g £ (x,T)dr, V(x,t) E x R. 

Jo 

Using the dehnition of g, it follows that 
(gi) 0G e (x,t) < g e (x,t)t, V(x,t) E A e x R, 
and 


(g 2 ) 2G e (x,t) < g e (x,t)t <^\t\ 2 , V(x, t) E (A e ) c x R. 


From (g 2 ), 


(g 3 ) L(x,t) = V(x) - G e (x,t) > ( 1 - A- ) V(x)\t\ 2 > 0, V(x, t) E (A e ) c x R, 


and 


(g^) M(x,t) = V(x) -g e (x,t)t > ( 1 - A ) V(x)\t\ 2 > 0, V(x,t) E ( A e ) c x 


Lemma 2.1. The functional E e verifies the mountain pass geometry, that is, 

i) There are r, p > 0 such that 

Ee(v)>p, for ||u||i )S = r 

ii) There is e E X 1,s with ||e||i iS > r and E £ (e) < 0. 

Proof. From (gfi) — (gfi), there exist C\,c 2 > 0 verifying 

E £ (v) > ci||u||i s - c 2 \\v\\ q ls , Vv E X 1 ’ s . 
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As q > 2 , from the above inequality, there are r, p > 0 such that 

E e (v) > p, for |H| liS = r, 

showing i). To prove ii), fix ip G X 1,s with suppif C A ( x I. Then, for t > 0 

E e M = - [ F(tip(x , 0)) dx. 

From (/ 3 ), we know that there are c 3 , C 4 > 0 verifying 

F(t) > Ci\t\ e — c 2 , Vt > 0. 

Using the above inequality, we derive 

lim EJtip) = — 00 . 

£—>■+00 

Thereby, ii) follows with e = tip and t large enough. 

■ 

Lemma 2.2. The functional E e verifies the ( PS) C condition. 

Proof. Let (v n ) C A" 1,s be a ( PS) C sequence for E e , that is, 

E 6 {v n ) -X c and E' e (v n ) -x 0. 

From this, there are C\ > 0 and no e N, such that 

Efivn) —E e (v n )v n A C\ + Ci||u n ||i )S , Vn A no- 
On the other hand, by (gfi) — (gfi), there is C 2 > 0 such that 

E e (v n ) - ^E' e (v n )v n > C 2 \\v n \\ 2 l s , Vn e N. 

Thus, 

QjIMIi.s < Ci + Ci||n n ||i )S , Vn > n 0 , 

showing that (v n ) is bounded in X 1,s . As A" 1,s is reflexive, there is a subsequence of (v n ), 
still denoted by itself, and v G X 1,s such that 

v n —^ v in X 1,s , 

v n ^v in L’JR n ), V,e[l,2:) 

and 

v n (x, 0 ) — > v(x, 0 ) a.e. in M. N . 

See m Thm 7.1], to see the proof of the above limits. 


Using the above limits, it is possible to prove that v is a critical point for E e , that is, 

E' e (v)if = 0, V </2 G X 1 ’ 5 . 

Considering p = v, we have that E' e (v)v = 0, and so, 


jJV+l 


y 1 2s \Vv\" dxdy + / V(ex)\v(x, 0)| 2 dx + / M(x, v(x, 0)) dx 


'(A. 


= / f(v(x, 0))v(x, 0) dx 

d A e 

On the other hand, using the limit E' e [y n )v n = o n (l), we derive that 

y 1_2s | Vf n | 2 dxdy + / U(ex)|x n (x, 0)| 2 dx + / M(x, x n (x, 0)) dx 
A e J (A e ) c 


= / /(u n (x,0))v n (x,0)dx + o n (l). 

J Ke 

Since A e is bounded, the compactness Sobolev embedding gives 


lim / f(v n (x, 0))x n (x, 0) dx = / f(v(x, 0))u(x, 0) dx 


n —>+oo 


and 


Therefore, 


lim / U(ex)|x n (x, 0)| 2 dx = / U(ex)|x(x, 0)| 2 dx. 


n—H-oo 


lim sup I / y s \Wv n \ 2 dxdy + / M(x, v n (x, 0)) dx 

n—>+oo \ d]R^ +1 d(A e ) c 

j/ 1_2s |Vx| 2 dxdy + / M(x, x(x, 0)) dx 
d(A e ) c 


Now, recalling that M(x,t ) > 0, the Fatous’ lemma leads to 


(2.5) 


lim inf I / y 1 2s | Vx„| 2 dxd?/ + / M(x, x n (x, 0)) dx 

n—H-o° \ ./ K JV+i d(A e ) c 

> / j/ 1_2s |Vx| 2 dxdy + / M(x, x(x, 0)) dx 

" hl d (A e ) c 


Hence, 


and 


lim 

n—H-oo /toJV+i 


y |Vx n | dxdy = / y 1_2s | Vx| 2 dxdy 


lim / M(x, x(x, 0)) dx = / M(x, x(x, 0)) dx 

n—»+oo ' ' 


(Ae)° 


(Ae) c 


( 2 . 6 ) 
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The last limit combined with definition of function M gives 


lim I V(ex)\v n (x, 0 )| 2 dx = / V{ex)\v{x, 0)j J dx. 

n—>+oo J (Ae ) C J ( A e )= 

Gathering this limit with (12.5p . we deduce that 


lim / V(ex)\v n (x, 0 )| 2 dx = / P(ex)|v(x, 0)| dx. 

rw +°° J rN J rN 


From (I2.6lh(l2.7lh we infer that 


lim ||n n |lL = 

n —>+oo ’ 



(2.7) 


As X 1,s is a Hilbert space and v n v in X 1,s , the above limit yields 

v n —> v in X 1,a , 

showing that E e verifies the ( PS) C condition. ■ 

Theorem 2.1. The functional E e has a nonnegative critical point v e G X 1,s such 

E t (y e ) = c e and E' e (v e ) = 0, (2.8) 

where c e denotes the mountain pass level associated with E e . 

Proof. The existence of the critical point v e is an immediate consequence of the Mountain 
Pass Theorem due to Ambrosetti and Rabinowitz (see e.g. [25], Thm 1.17]). The function v e 
is nonnegative, because 

E'M(v~) = 0 vf = 0 , 

where v~ = min{n e , 0 }. 


Related to the case e 


0, it is possible to prove that there is w G X 1,s such that 
Jo(w) = c 0 and J' 0 {w) = 0. 


(2.9) 


The next lemma establishes an important relation between c e and cq. 
Lemma 2.3. The numbers Cq and c £ verify the equality below 


Proof. From (Vo), 
Then, 


limc £ = Co- 

e-S>0 


C e > Cq, Ve > 0. 
lim inf c e > Cq. 

e —>0 


( 2 . 10 ) 
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Next, fix t e > 0 such that 


t e w EM 6 = {ve X 1 ’ 3 \ {0} : E' t (v)v = 0}. 


By definition of c e , we know that 

c t < ma xEJtw) = E e (t e w). 
t> o 

Now, standard arguments as those used in [2], it is possible to prove that 

limf e = 1 

e —>0 


and 


Thus, 


From (l2TH - (l2dTl) . 


lim E e (t e w) = Jq{w). 


limsupc e < Jq{w) = Co- 

e —»0 


lim sup c e = c 0 . 
€->0 


( 2 . 11 ) 


Lemma 2.4. There are r,f3,e* > 0 and ( y e ) C such that 



v e (x , 0) dx > (3, 


Ve e (0,e*). 


Proof. First of all, we recall that since (v e ) satisfies (12.81) . there is a > 0, which is 
independent of e, such that 

|M|y s > a, Ve > 0. ( 2 . 12 ) 

To show the lemma, it is enough to see that for any sequence (e n ) C (0, +oo) with e n —> 0, 
the limit below 

lim sup / |u £n (x, 0)| 2 dx = 0 , 

n-^+oo ygRjv JB T {y) 

does not hold for any r > 0. Otherwise, if it holds for some r > 0, we can use a Lion’s type 
results for X 1,s , see ra. to conclude that 


u en (.,0)^0 in L q (R N ), \/q G (2,2*). 


Using the above limits, it is possible to show that 

ll^tnllls 0 as n ->■ +oo, 


which contradicts ( 12 . 121 ) . 
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Lemma 2.5. For any e n —> 0, consider the sequence (y €n ) C M. N given in Lemma 2-4 and 
ijj n (x, y) = v en (x + y en ,y). Then there is a subsequence of (?/i n ), still denoted by itself, and 
if G A" 1,s \ {0} such that 

fj n —>• -0 in X 1,s . (2.13) 


Moreover, there is x 0 G A such that 

liin e n y fn = x 0 and V{x 0 ) = V 0 . 


n —>0 


(2.14) 


Proof. We begin the proof showing that (e n y En ) is a bounded sequence. Hereafter, we 
denote by (y n ) and (v n ) the sequences (y en ) and (v £n ) respectively. 

Since E' (v n )(j> = 0, V0 G X 1,s , we have that 


, JV +1 


y s Xv n X<f dxdy + / V(e n x)v n (x, 0) dx — / g t (x, v n (x, 0))4>(x, 0) dx = 0. 


Then, 

/ y l ~ 2s \VVrf? dxdy + / V(e n x)\v n (x, 0 )| 2 dx - / g e (x, v n (x, 0))v n (x, 0) dx = 0. 

JR^ +1 JRJV ./R*' 

From dehnition of g, we know that 

g e (x,t) < f(t), Vt > 0, 
and reminding that > 0 , we infer that 

[ ?/ 1_2s | Vn n | 2 dxdy + [ V 0 \v n (x, 0 )| 2 dx - [ f(v n (x,0))v n (x,0)dx<0. 

J R^ +1 JR^ Jr^ 

Therefore, there is, s n G (0,1) such that 

s n w n G -M 0 = K A 1,s \ {0} : J' 0 {v)v = 0}. 

Using the characterization of cq, we know that 


c 0 < Jo(s n v n )i Vn G N. 


As 


it follows that 


Jo(w) < E € (w), Vu> G X 1 ’ 8 and e > 0, 


c 0 < Jo{s n v n ) < E en (s n v n ) < ma xE en (sv n ) = E en (v n ) = c tn . 

s> 0 


Recalling that 


the last inequality gives 


Ce n —> Co, 


(■ s n v n ) c Mo and J 0 (s n v n ) c 0 . 
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By change variable, we also have 

(sn'ipn) C M 0 and J 0 {s n pj n ) c 0 . 

Using Ekeland Variational Principle, we can assume that ( s n v n ) is a ( PS) CQ sequence, that 
is, 

(■Sri0n) Cl -Aden A)(Sn^n) t Co and Jo(s n 'Pn) t 0. 

A direct computation shows that (s„) is a bounded sequence with 

lim inf s n > 0. 

n —>-+00 

Thus, in what follows, we can assume that for some subsequence, there is So > 0 such that 

s n —■t So- 

From definition of y n and 0 n , we know that 0 £ AT 1 ’ 5 \ {0}. Moreover, as Jo(s n ijj n ) —$■ 0, we 
also have Jq(s o 0) = 0. Thereby, by definition of c 0 , 


c 0 < d o (s o 0). 


On the other hand, by Fatous’ Lemma 

lim inf J o (s„0 n ) > J o Oo0), 

n —>-+00 


implying that 


d o (s o 0) = C 0 and J' 0 {s 0 pj) = 0. 

The above equalities combined with Fatous’ Lemma, up to a subsequence, gives 

Sni>n -t S O 0 in X 1,S . 

Recalling that s n —> So > 0, we can conclude that 

0n -t 0 in A" 1 ’ 3 , 


showing (1AT31) . 

Using the last limit, we are able to prove (I2.14p . To do this, we begin making the following 
claim 

Claim 2.1. lim dist(e n y n , A) = 0 

n —>-+oo 

Indeed, if the claim does not hold, there is 5 > 0 and a subsequence of (e n y n ), still denoted 
by itself, such that, 

dist(e n y n , A) > <5, Vn 6 N. 

Consequently, there is r > 0 such that 


B r {e n y n ) C A c , Vn e N. 
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From definition of we have that 


jJV+l 


y \Vi/j n \~ dxdy + / V(e n x + e n y n )\'ijj n (x,0)\^ dx 


g(e n x + e n y n , i/j n (x, 0 ))i/j n (x, 0) dx. 


Note that 


/ R N 


+ 


g(e n x + e n y n ,ip n (x : 0))ip n (x,0) dx < / g(e n x + e n y n , 0))^ n (z, 0) dx 

JB_r_(0) 
e n 

/ 9 ^nX + e n y n ^ n {x, 0))^ n (z,0) dx 

Ir n \b_t_(o) 


and so, 


g{e n x + e n y n , ^ n (x, 0))^ n (x, 0) dx 


<h 

- k 


B r (0) 

e n 


\lp n (x : 0)\ 2 dx + 


'M. N \B_r_ (0) 

e n 


/(^n(^,0))^n(^,0) dx. 


Therefore, 


< 


^ +1 

V^o 


2/ |V^ n dxdy + / C(e n a; + e n y n )\il) n {x, 0)|-‘ dx 


k 


’ Bjr_ ( 0 ) 


|V , n(^,0)| 2 dx + 


IR N \B_r_(p) 

e n 


f(^ n (x,Q))^ n (x,Q) dx. 


implying that 


jJV+l 


y s \Vijj n \~ dxdy + A / |^ n (x, 0)| 2 dx < 


lm. N \Bjr_(0) 

e n 


/(V'n^jO))^^, 0)rfx, (2.15) 


where A = Vh(l-i). By (J2T3D, 


'K w \Bx(0) 


f {gp n (•£, o))^ n (x, o) dx ->■ o 


and 


y |V^n | 2 dxdy + A / 0)| dx 




,JV+1 


y s \Vijjfdxdy + A / |-0(x, 0)| J dx > 0, 


which contradicts (12.151) . This proves Claim 12.11 

From Claim 12.11 there are a subsequence of ( e n y n ) and i 0 6A such that 

lim e n y n = x 0 . 

n—>-+oo 
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Claim 2.2. x 0 G A. 

Indeed, from definition of if n , 


pJV+l 


y (VV'nl dxdy+ / V(e n x + e n y n )\il) n (x,0)\ 2 dx < / f('i/j n (x,0))if n (x,0)dx. 


Then, by (|2.13p . 


i » +1 


y 1 2s | Vip\ 2 dxdy + / (rr 0 ) 0 )| 2 dx < / O))'0(x, 0) dx. 


Hence, there is Si G (0,1) such that 

sifp e My(*o) = e X ’’ S \ {°l : ~ J v(x 0 )( v ) v = °l 
where Jv(x 0 ) '■ AT 1,S —>■ K. is given by 

Jv{x 0 )(y) = \ f y^^lS/v] 2 dxdy + ]- I V{x Q )\v{x, 0)| 2 dx - I F{v{x,G))dx. 
^ J R ^ +1 £ Jr n Jr n 

If Cy( xo ) denotes the mountain pass level associated with Jvt xo )i we m ust have 

c V (x o) < Jv{x 0 )(siVO < lim inf E en (v n ) = dm inf c £ri = c 0 = c y(0 ). 

ra—H-oo n—>+oo 


Hence, 

from where it follows that 


CV(x o) < Cy(o), 


H(x 0 ) < H(0). 

As V(0) — V 0 — inf xgR jv V(x), the above inequality implies that 

V(x 0 ) = V 0 . 

Moreover, by (Hi), x 0 ^ <9A. Then, x 0 G A, finishing the proof. ■ 

Corollary 2.1. Let {ip n ) the sequence given in Lemma \2.5\. Then, -0 n (-, 0) G L°°(J8L n ) and 
there is K > 0 such that 

\ipn{-, 0)|oo < K, Vn G N (2.16) 

and 

^n(-,0) ^^(-,0) m L^R*), Vp G (2, +oo). (2.17) 

As an immediate consequence, the sequence h n {x) = p(e n x + e n y n , if n (x, 0 )) mas£ verify 

0)) m 17(M^), VpG(2,+oo). (2.18) 
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Proof. In what follows, for each L > 0, we set 


and 


/v, aj ^n(x,y), if 1) n (x,y)<L 
^L^,y)-\ L) if 


-n,L = VvJl 1} ^n, 


with /? > 1 to be determined later. Since 


l/ 1 2s \7i>nS7(j) dxdy + / P(e n x + e n y n )4> n (x, O)0(z, 0) dx 


fJV+l 


- g(e n x + e n y n ,'ilj n (x,0))(j)(x,0)dx = 0, V</> G AT 1,S , 

adapting the same approach explored in Alves and Figueiredo |2j Lemma 4.1], we will find 
the following estimate 

|V , n(-,0)| oo < C |^„(.,0)| 2 ;. 

As (V'n) is bounded in X 1,s , we conclude that there is K > 0 such that 

|V , n(-,0)| O o < K, Vn G N. 


Now, the limit (12. 1 7j) is obtained by interpolation on the L p spaces, while that (12.18[) 
follows combining the growth condition on g with (12. 1 7jl . ■ 

In what follows, we denote by (w n ) C H S (M. N ) the sequence (-0 n (-,O)), that is, 


W n (x) = 1p n (x, 0), \/x e 


D N 


Since 




y Wi> n W(j)dxdy + / V(e n x + e n y n )i> n (x,0)(j)(x,0) dx 


- g(e n x + e n y n ,'tp n (x,0))<f>(x, 0) dx = 0, V</> e X ,s , 

./R^ 

we have that w n is a solution of the problem 

(-A) s w n + V(e n x + e n y n )w n = g(e n x + e n y n ,w n ), in R N , 

or equivalently, 


(-A) S W n + W n = Xn, ill 


nN 


where 


Xn(x) = w n (x) + g(e n x + e n y n x,w n (x)) - V(e n x + e n y n )w n (x), x e 
Denoting x(x) = w(x) + f(w(x)) — V(xo)w(x), by Corollary 12.11 we have that 

Xn^X in L p (R n ), Wpe[ 2,+cx)) 


(2.19) 

( 2 . 20 ) 

( 2 . 21 ) 
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and there is k\ > 0 , 


( 2 . 22 ) 


|Xn|oo < h, Vn G N. 

Using some results found in [16], we know that 

w n (x) = K * Xn = / K.(x - y)xn(y)dy, 
J R N 

where /C is the Bessel kernel, which verifies 

(K\) JC is positive, radially symmetric and smooth in R N \ {0}, 
(K 2 ) There is C > 0 such that 

and 


(K 3 ) K G L«(R n ), Vq G [1, N/N - 2s). 

Using the above informations, we are able to prove the following result 
Lemma 2.6. The sequence (w n ) verifies 

w n (x) —* 0 as |x| —y +oo, 

uniformly in n G N. 

Proof. Given 5 > 0, consider the sets 

As = {yeR N : \y-x\>l/5} 

and 

B s = {yeR N : \y-x\<l/5}. 

Hence, 


0 < w n (x) < / JC(x -y)\xn\(y)dy = / JC(x - y)\x n \(y)dy + / K,{x - y)\xn\{y)dy. 
JR N J A s J B s 


From definition of As and (K 2 ), we have that, for all n G N, 
[ K{x-y)\Xn\{y)dy < CS s \Xn\oo [ 


I A s 


I As 


On the other hand, 


'B S 


'b s 


* <cs s h / 
- y\ N+s .A 

4 , \x-y[ 

y) \xn - x\(y)dy + 

( KL(x — 

J 

'Bs 
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N+s 


= CkU. (2.23) 





Fix q > 1 with q « 1 and q' > 2 such that ^ + A = l. From (JV 3 ) and (12.19)> . 


IBs 


- y)\Xn\(y)dy < \IC\ q \Xn ~ X\q' + \K\q\x\ L*'(B s ) 


As 

and 


\Xn ~ x\q' -t 0 as n —>■ +00 


IxIl9'(b 4 ) 0 as M ->■ +°°) 

we deduce that there are R > 0 and n 0 G N such that 


/C(x — y)\Xn\(y)dy <8, Vn > no and |x| > i?. 


>b s 


From (12.23ft and (12.24ft . 


(2.24) 


/C(x — y)|x n | {y)dy < Ci5 d + 8, Vn > n 0 and \x\ > R. 


(2.25) 


The same approach can be used to prove that for each n G {1,..... n 0 — 1}, there is R n > 0 
such that 

[ JC(x - y)\xn\{y)dy < Ci5 d + 8, \x\ > R n . (2.26) 

J R N 

Hence, increasing R , if necessary, we must have 

/ JC(x — y)\Xn\(y)dy < C\8 d + 8, for \x\ > R, uniformly in n G N. 


Since 8 is arbitrary, the proof is finished. 


Corollary 2.2. There is n 0 G N such that 

v n (x, 0) < a, Vn > n 0 and Vx G A(A 
Hence, u n {x) = v n (x, 0 ) is a solution of (P en )' for n > n 0 . 

Proof. By Lemma (12.5ft . we know that e n y n —y for some xo G A. Thereby, there is r > 0 

such that some subsequence, still denoted by itself, 

B r (e n y n ) C A, Vn G N. 


Hence, 

or equivalently 


BjL(y n ) CA £ „, Vn G N, 
A^Cfl'rW, Vn G N. 
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Now, by Lemma 12.61 there is R > 0 such that 

w n (x) < a, for |x| > R and Vn 6 N, 

from where it follows, 


v n (x, 0) = i/j n (x - y n , o) = w n (x - y n ) < a, for x G (. B R (y n )) c and Vn G N. 
On the other hand, there is no G N, such that 

AlciB^YciBniy^r, Vn G N, 


then 

hnishing the proof. 


u n (x,0) < a, Vx G A® and n > no, 


3 Proof of Theorem 11.11 

By Theorem 12.11 we know that problem (AP) has a nonnegative solution v e for all e > 0. 
Applying Corollary 12.21 there is e 0 such that 

v € (x, 0) < a, Vx G A c e and VeG(0,e 0 ), 

that is, u e (-,0) is a solution of (P e )' for e G (0,eo). Considering 

u e (x) = v e (x/e, 0 ), for VeG(0,e 0 ), 

it follows that u e is a solution for original problem (P e ) 

If x e denotes a global maximum point of u e , it is easy to see that there is r 0 > 0 such 
that 

w e (x e ) > r 0 , Ve > 0. 

In what follows, setting z e = , we have that is a global maximum point of w e and 



w € \ 

!>e) > To, 

Ve > 0. 


Now, we claim that 







lim V(x e ) - 

e->0 ' 

= H- 

(3.1) 

Indeed, if the above limit does 

not hold, there is 

e n —> 0 and 7 > 0 such that 



V« 

) > Vo + 7, 

Vn G N. 

(3.2) 

By Lemma 12.61 we know that 





We u {x) -> 0 

as 

x —>■ +oo 

uniformly in n G N. 
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Therefore, (z e ) is a bounded sequence. Moreover, for some subsequence, we also know that 
there is x 0 G A satisfying V(x 0 ) = V 0 and 


e n2/e„ x o- 


Hence, 


x e n = ZnZe n + e n Ve n ^0 


implying that 


v(x,J -y v 0 , 


which is a contradiction with (13.2)1 . showing that (13.ip holds. 
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